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Abstract 

We discuss Hawking radiation from a five-dimensional squashed Kaluza-Klein black hole on the 
basis of the tunneling mechanism. A simple manner, which was recently suggested by Umetsu, is 
possible to extend the original derivation by Parikh and Wilczek to various black holes. That is, 
we use the two-dimensional effective metric, which is obtained by the dimensional reduction near 
the horizon, as the background metric. By using same manner, we derive both the desired result 
of the Hawking temperature and the effect of the back reaction associated with the radiation in 
the squashed Kaluza-Klein black hole background. 
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I. INTRODUCTION 



In 1975, Hawking showed that a black hole can radiate from the event horizon like a 
blacUbody at the temperature T ^ ./(2.). where . .s the surface gravity of the blaeU 
hole, by using the method of quantum field theory in curved spacetime Thus Hawking 
radiation is one of interesting phenomena where both of general relativity and quantum 
theory play a role. 

An elegant derivation of Hawking radiation on the basis of the tunneling method was 
proposed by Parikh and Wilczek [2I. The derivation of Hawking radiation on the basis of 
the tunneling effect has been discussed in the literature js-Tg]. The essential idea of the 
tunneling mechanism is that a particle-antiparticle pair is formed close to the horizon inside 
a black hole. We can divide the field associated with a particle into ingoing modes moving 
toward the center of the black hole and outgoing modes trying to move outside the horizon. 
Then the ingoing modes are trapped inside the horizon, while a part of the outgoing modes 
escapes outside the black hole by the quantum tunneling effect. If the particle which comes 
out to our universe has positive energy, such a particle (and also an antiparticle) can stably 
exist and we can regard the particle outside the horizon as the radiation from the black 
hole. Parikh and Wilczek calculated the WKB probability amplitude for the particle by 
taking into account classically forbidden paths. By comparing the tunneling probability 
of an outgoing particle with the Boltzmann factor in thermodynamics, they successfully 
derived the Hawking temperature. The derivation on the basis of the tunneling method has 
an important advantage that it is possible to evaluate the back reaction associated with the 
radiation. 

Parikh and Wilczek obtained above results for four-dimensional Schwarzschild and 
Reissner-Nordstrom black holes. The extensions of their derivation to four- dimensional 
Kerr and Kerr- Newman black holes have been discussed in 73l-l76l| . The derivations for 



four- dimensional rotating black holes are mathematically complicated because of the effects 
of the rotation. Recently, one of the authors has suggested a new approach, which extends 
the method proposed by Parikh and Wilczek to four- dimensional rotating black holes, and 
showed that the derivation of the Hawking temperature is greatly simplified if one uses 



the technique of the dimensional reduction 



77 



78| . This technique has been used in the 



derivation of Hawking radiation from anomalies and discussed for various black holes (for 
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example, see 79l-l83l] ) . According to the technique, it is shown that metrics of various black 



holes effectively become two-dimensional spherically symmetric metrics near the horizon. 
We note that this technique of the dimensional reduction is valid only for the region very 
close to the horizon. Since the tunneling effect is a quantum one arising within the Planck 
length near the horizon region, the use of the technique of the dimensional reduction in 
the tunneling mechanism is justified. It is thus possible to naturally extend the method of 
Parikh and Wilczek to cases of various black holes and we can derive both the Hawking 
temperatures and the effects of the back reactions associated with the radiations in various 
black hole backgrounds by using the new approach. Then the derivations of the Hawking 
temperatures from four-dimensional rotating black holes become simple in comparison with 



previous ones 



73|476|. 



A family of squashed Kaluza-Klein black holes is one of interesting solutions of higher- 
dimensional black holes. In the context of string theory and brane world scenario, in- 
vestigations on higher- dimensional black hole solutions have attracted a lot of attention. 
From a realistic point of view, the extra dimensions need to be compactified to reconcile 
the higher- dimensional theory of gravity with our apparently four-dimensional world. We 
consider higher-dimensional black holes in the spacetime with compact extra dimensions, 
i.e., Kaluza-Klein black holes. In higher- dimensional spacetimes, even if we impose asymp- 
totic flatness to the four-dimensional part of the spacetime, there are various possibilities of 
fiber bundle structures of the extra dimensions as the fiber over the four-dimensional base 
spacetime. The black hole solutions with nontrivial bundle structures have been studied by 
various authors. Dobiasch and Maison found the first five- dimensional vacuum Kaluza-Klein 
black hole solution which asymptotes to a twisted fiber bundle over the four- dimensional 



Minkowski spacetime 



84| . and Gibbons and Wiltshire clarified the meaning of the metric 



. Later, the solution was generalized to the charged case in five- dimensional Einstein- 

I — I 

Maxwell theory [86] . It is shown that this family of black holes has squashed horizons, and 
that the metrics behave as fully five-dimensional black holes in the vicinity of the horizon, 
while they behave as four-dimensional black holes in the region far away from the horizon. 
That is, the squashed Kaluza-Klein black hole solutions asymptote to locally flat spacetimes 
with a compactified extra dimension and we can regard a series of these solutions as one 



of realistic higher-dimensional black hole models. Several aspects o 
black holes are also discussed, for example, thermodynamics 87 - 



' sq uashed Kaluza-Klein 
89|, Hawking radiation 
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92| . quasinormal modes |93l-l95| . stabilities |96|, |97|, geodetic precession [98| and strong 



gravitational lensing 



99|. 



In this paper, we consider the Hawking radiation from a five- dimensional charged static 
Kaluza-Klein black hole with squashed horizons on the basis of the tunneling mechanism. To 
the best our knowledge, derivations of Hawking radiation in the framework of the tunneling 
method have not been discussed in asymptotically Kaluza-Klein spacetimes. In the present 
work, we extend the derivation of Hawking radiation as a tunneling process by using the 
technique of the dimensional reduction near the horizon in four dimensions to the case of 
the five- dimensional squashed Kaluza-Klein black hole. For simplicity, we restrict ourselves 
to uncharged radiations coming from the black hole and take into account the back reaction 

-l92j. we obtain not only the 



90 



of the radiation. Then, in contrast to the previous studies 
Hawking temperature of the black hole but also the effect of the back reaction associated 
with the radiation in a very simple manner. 

This paper is organized as follows. In Section Ull we review the properties of five- 
dimensional charged static Kaluza-Klein black hole solutions with squashed horizons. In 
Section IIIIl we show that the five-dimensional squashed Kaluza-Klein black hole metric ef- 
fectively becomes a two-dimensional spherically symmetric metric by using the technique of 
the dimensional reduction near the horizon. In Section llVt we apply the tunneling mech- 
anism to the squashed Kaluza-Klein black hole and derive both the Hawking temperature 
and the effect of the back reaction associated with the radiation. Section |V] is devoted to 
discussion and conclusion. 



II. REVIEW OF SQUASHED KALUZA-KLEIN BLACK HOLES 



We consider the charged static Kaluza-Klein black hole with squashed horizons, which 



is one of the exact solutions of the five- dimensional Einstein-Maxwell theory 86|. The metric 
and the gauge potential are written as 



ds^ = -F{p)dt^ + ^J^dp^ + P^K^ip)dn% + j^fij^ (# + cos edcpf , (1) 
A, = (±^^^,0,0,0,0), (2) 
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where = dO'^ + sin^ Odcj)^ denotes the metric of the unit two-sphere, and the functions 

F(p) and K{p) are given by 

- 2Mp + {P-P+){P-P-) ^ P + Po /o^ 

F{p) = = , K (p) = — ^. (3) 

The parameters Too, p±, and po are related as = 4 (p+ + po) (p_ + Po), and the parameters 
M and Q denote the Komar mass and the charge of the black hole ([1]), respectively. The 
coordinates (t, p,9,(f),ip) run the ranges of — oo < t < oo, 0<p<oo, 0<6'<7r, 0< 
< 271, and < ip < 47r, respectively. To avoid the existence of naked singularities on and 
outside the horizon, we choose the parameters such that p+ > P- > and p- + po > 0. 



The outer and the inner horizons are located at p = p+ = M + a/ — Q'^ and p = p- = 
M — a/ — Q^, respectively. The shapes of horizons are the squashed 5*^ in the form of 
the Hopf bundle. The surface gravity on the outer horizon of the black hole ([1]) is obtained 

as 



_ l!_J__ (A\ 

2pl Vp+ + Po- 



P+- P- I P 
2pl 

At infinity, p — )■ oo, the metric ([1]) behaves as 

2 

ds^ ~ -dt^ + dp^ + p^dn% + ^ (# + COS ed(t)f . (5) 

That is, the metric ([1]) asymptotes to a twisted constant 5^ fiber bundle over the four- 
dimensional Minkowski spacetime. The size of the compactified extra dimension of the 
spacetime ^ at infinity is given by Too- 

Here, we discuss the physical meanings of the parameter po in the metric ([H). If po ^ p±, 
p dependence of the function F{p) is important but the function K{p) is almost unity for 
an observer outside the horizons, Po P± ^ P- Then, the observer feels the spacetime as 
the four-dimensional Reissner-Nordstrom black hole with a twisted constant fiber with 
the metric 

ds^ ^ Jp-P+)[p-P-) de + -dp' + pHnl, + ^ (# + cosOdct^f . (6) 

p2 {p-p+){p-p^) 4 

On the other hand, if p± <^ po, the function K{p) becomes important for an observer at 
P± ^ P ^ Po- With the help of a new coordinate r = 2^pop and parameters r± = 2^pop±, 
since ri-C r^, the metric ([1]) approaches the five- dimensional Reissner-Nordstrom black 



hole 



100|: 



r 



- ^TT —dt' + (,2_,2;(,2_,2^ ^^^ + -'^^|3, (7) 



where dfl'^gs denotes the metric of the unit three-sphere. Then, the observer feels the space- 
time as an almost symmetric black hole. Therefore, the parameter po gives the typical 
scale of transition from five dimensions to effective four dimensions. 



III. DIMENSIONAL REDUCTION NEAR THE HORIZON 



In this section, we discuss the technique of the dimensional reduction near the horizon 
in the squashed Kaluza-Klein black hole. Considering the near horizon behavior of the 
action for a five- dimensional complex scalar field in the squashed Kaluza-Klein black hole 
background ([1]), we show that the five-dimensional action is reduced to a two-dimensional 
one and the five- dimensional squashed Kaluza-Klein black hole behaves as an effectively 
two-dimensional black hole in the region very close to the horizon. 

We consider the five- dimensional complex scalar field $ in the squashed Kaluza-Klein 
black hole background ([T]). The action is given by 



(8) 



where the first term is the kinetic term and the second term Sint represents the mass, the 
potential and the interaction terms. Substituting the metric ([T]) and the gauge potential ([2]) 
into the action (|8]), we have 



S 



dtdpded(t)d%l) sin Op^K"^^* 



+ 



1 1 / 1 „ cos0„ \ 4:K^ 



^—:dg (sin 6dg) + 



-A. 



d^b 1 + ^-^^ 



p^i^^sin^ p'^K'^ \sin^ sin^ 

We perform the partial wave decomposition of $ as 

^=Y1 ^ln.xit,p)Slrnxie)e'^""^-^^^\ 
l,m,X 

where the function Simx is the spin-weighted spherical function, which satisfies 

\2 



$ + ^int. (9) 



(10) 



sin^ 



df) (sin ( 



(m — A cos ( 
sin^ 9 



+ /(/ + !) -A' 



S, 



ImX 



0. 



(11) 



We have the conditions such that / > A and m = —/,—/ + 1, / . The periodicity also 
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requires that 2A, 2m, and Aim are integers. Then we obtain the action (Q in the form 

l',rn',\> 



X 



X 



Lm,X 



int- 



[12) 



Define the tortoise coordinate as 



dp^ = ^dp, 



(13) 



the action f|T2l) is rewritten as 



S 



' oo 

T 



dtdpjed(j)d^ sin ep^K J2 '^i'm'yS!'m'ye-'^""''''+^' 



I'm'X' 



X 



(14) 



We consider the action f|T^ in the region near the black hole horizon, p pj^_. Since 
the theory becomes the high-energy theory near the horizon and F{p^) = at p — )■ p_|_, we 
ignore all terms in S'int and retain the dominant kinetic term only. Then we have 

S = I dtdpjed(t)di) sine p^K '^V„^'X'Sk^'X'(^''^""'^^^'^^ 

l',m'X' 



- {dt - leAtf + -^dp^ {p'Kdp,)^ J2 '^in.xSimxe 



i{m<l>+Xilj) 



(15) 



Lm,X 



We return to the expression written in terms of the coordinate p, the action f llSp takes the 
form 



S = -47rVoo / dtdpp'K^;^, 

l,m,X 



^ImX, 



(16) 



where we have used the orthonormal condition for the spin-weighted spherical function. 



d9 sin 9 Sn^iySlmX — ^I'l^m'm^. 



X'X, 



(17) 



and integrated the angular coordinate parts. From the action (fT6!) . we can regard the field 
^imx as a two-dimensional complex scalar field in the backgrounds with the metric dsl^), the 
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gauge potential Ai {i = t,p), and the dilaton field 

dslj, = -^dt" + ydp\ (18) 

A. = ±^^, A, = 0, (19) 
^ = p^K, (20) 

where the functions F and i^' are given by the equations ([3]). 

We see that the metric of the five- dimensional squashed Kaluza-Klein black hole ([T]) be- 
haves as an effectively two-dimensional metric flTSl) by using the technique of the dimensional 
reduction near the horizon. For confirmation, we calculate the surface gravity on the horizon 
of the two-dimensional spacetime (fTSl) as 



p=p^ V P+ + Po 



/ (21) 



We see that this surface gravity fl2Tl) coincides with that of the five-dimensional squashed 
Kaluza-Klein black hole (HI). 



IV. HAWKING RADIATION AS TUNNELING PROCESS 

In this section, we derive both the Hawking temperature and the effect of the back reaction 
associated with the radiation in the squashed Kaluza-Klein black hole background on the 
basis of the tunneling mechanism. Here we use the two-dimensional effective metric ( IT8|l 
as the background metric. Since the tunneling effect is a quantum one arising within the 
Planck length near the horizon region, our derivation of Hawking radiation as a tunneling 
process by using the technique of the dimensional reduction is justified. 

To describe the across-horizon phenomena, Parikh and Wilczek used the Painleve coordi- 
nates, where the coordinate singularity at the horizon was removed {2!. Similarly, we define 
the Painleve-like coordinate tp to the metric (ITSl) by 

dtp = dt+j^l-^dp. (22) 
Then the metric (ITSl) is rewritten as 

2 P' - 2Mp + , ^ Ik-I 2M , 

2D = dt^ + 2W — ^ + -^'^^P'^P + '^P ■ (23) 

8 



The metric (123|) has a number of interesting features. At any fixed time, tp = const., the 
spatial geometry is flat, and for any fixed radius, p = const., the boundary geometry is the 
same as that of the metric ( ITSil . 

The radial null geodesies for the metric fl2^ are given by ds^j) = 0. We obtain 




where the upper and the lower signs correspond to the outgoing and the ingoing geodesies, 
respectively, under the implicit assumption that tp increases towards the future. Since we 
can ignore the mass of matter field near the horizon region by the discussion of dimensional 
reduction, the use of null geodesies fl24l) in our derivation of Hawking radiation is justified. 
If we restrict ourselves to uncharged radiations coming from the black hole and take into 
account the effect of the particle's self gravitation, i.e., the back reaction of the radiation, we 
replace the mass of the black hole M hj M — u, where u denotes the energy of the particle 
which escapes from the black hole by the tunneling mechanism. Then we have the metric 
f l23|l and the radial null geodesies flMj) in the forms 



d^2D = dt^ + 2 J — ^ + — ^dtpdp + dp , (25) 



By following the method proposed by Parikh and Wilczek, we evaluate the WKB proba- 
bility amplitude for a classically forbidden trajectory. The imaginary part of the action for 
an outgoing positive energy particle, which crosses the horizon outwards from p = to 
p = Pout, is given by 

/•Pout rpout rPp rpout rH ^j^i 

\mS = Im / Ppdp = Im / / dp'^dp = Im / / — —dp, (27) 

Jpin J Pin Jo J Pin Jo P 

where we have multiplied and divided the integrand by the two sides of Hamilton's equation, 
p = dH/dpp\p, to change the variable from the momentum to the energy. Taking into account 
the effect of the back reaction of the radiation, we obtain 

lmS = lm / ^dH' = lm / ^ j-du'), (28) 

Jm Jp,^ P Jo Jp,^ 1 J^-^ I ^^^[-'''^ f 



K ' pK p^K 

where we have used the Hamiltonian, H = M — u, and the radial null geodesic (!26|) with 
the upper sign. Now the integral can be done by deforming the contour, so as to ensure 



that positive energy solutions decay in time, that is, into the lower half plane. By using 
Feynman's ie prescription, a; — ?■ — ie, we have 

Imo = Im / / - rip 



^ ^ \l K ^ pK p^K 

r-Pout rM-u> 

Im / / dp 



/•Pout 

= -n pKdp. (29) 

Pin 

Thus we obtain the WKB probability amphtude as 

-2Im5 



~ e 
= exp 



^ (2pout + Po) a/ Pout (Pout + Po) - (2pin + Po) \/ Pin (Pin + Po) 
Vrpo , V/W + A/Pout + Po 



log 



2 A/Ph^'+ VPin + Po 

where the explicit forms of pin and pout are, respectively, given by 



(30) 



Pir 



p+ = M+ - Q\ po,t = M - a; + ^(M - u;)^ - g2. (31) 



If we consider the effect in the second order of cu, in terms of p+ and p_, the WKB 
probability amplitude (!30|) takes the form 

r ~ exp ( -^w + aw^ ) , (32) 



K 

where the constants k and a are, respectively, given by 



R = ^-^7- ,/^^, (33) 



27rp+[2p+(p+-3p_) + po(p+-5p_)] l p 



a = -J J . (341 

(p+-p-) yp+ + po 



We see that the constant k ( !33l) coincides with the surface gravity of the black hole (111), that 
is, k = K. Thus, by comparing the WKB probability amplitude ( l32l) to the first order in 00 
with the Boltzmann factor in a thermal equilibrium state at the temperature T, T = e~^^'^, 
we obtain the Hawking temperature of the five- dimensional squashed Kaluza-Klein black 
hole O as 



Th = - = ^^J^^, (35) 
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which is the desired result |87H90l. |92| . and we can regard the quadratic term of u in the 
equation (l32l) . aw^, as the correction by the back reaction of the radiation. 

In the hmit, po ~^ 0, we obtain the metric ([T]) with K = 1, which locally has the geometry 
of the black string ([H]). In this limit, the WKB probability amplitude f l5U]) reduces to 

r ~ exp [tt (p2^t - pf^J] 

= exp -A-nuo - ^) + 27r (M - uo) ^/{M -u^-Q^ - 2tiM^/AP - Q"^ . (36) 

To the first order in u, this WKB probability amplitude (!36|) is consistent with previous 
results of thermal emission at the Hawking temperature Th for the four-dimensional Reissner- 



Nordstrom black hole 



2n (^M + ^M'^ -Q-^y 



V. DISCUSSION AND CONCLUSION 

To sum up, we have extended the derivation of Hawking radiation by using the tunneling 
mechanism in four-dimensional black hole backgrounds to the case of the five-dimensional 
charged static Kaluza-Klein black hole with squashed horizons. We have restricted ourselves 
to uncharged radiations coming from the black hole and taken into account the back reaction 
of the radiation. Then we have derived the Hawking temperature of the black hole in a very 
simple manner. The calculation in our derivation by using the technique of the dimensional 
reduction near the horizon is little different from the original calculation for four-dimensional 
spherically symmetric black holes discussed in Although, our method has included the 
essential effect of the extra dimension, we have derived the Hawking temperature correctly 
by evaluating the effect to the first order in the energy of the particle which escapes from the 
black hole by the tunneling mechanism. We have seen that the technique of the dimensional 
reduction has been useful in the derivation of Hawking radiation on the basis of the tun- 
neling mechanism in the five- dimensional squashed Kaluza-Klein black hole backgrounds. 
In contrast to the previous studies of Hawking radiation from squashed Kaluza-Klein black 



holes 



90 



92[, we have derived not only the Hawking temperature but also the effect of the 
back reaction associated with the radiation. If higher-dimensional black holes are created in 
future accelerator experiments and we assume that the five-dimensional squashed Kaluza- 
Klein black hole solutions describe geometries around such black holes, we expect that our 

11 



present work could make a contribution to the verifications of Hawking radiation and extra 
dimensions in asymptotically Kaluza-Klein spacetimes. 

In this paper, our analysis by using the tunneling mechanism has been confined only to 
the derivation of the Hawking temperature of the five-dimensional squashed Kaluza-Klein 
black hole and we have not discussed the blackbody spectrum. Then there remains the 
possibility that the black hole is not the blackbody but merely the thermal body. However, 
we expect that we can obtain the blackbody spectrum of the Hawking radiat ion i n th e 



squashed Kaluza-Klein black hole background by applying the methods in [77|, llOll . Il02| . 
where the derivation of the blackbody spectrum with the Hawking temperature from the 
expectation value of number operator by using the properties of the tunneling mechanism is 
discussed. We leave the analysis of the blackbody spectrum for the five-dimensional squashed 
Kaluza-Klein black hole on the basis of the tunneling mechanism for the future. 
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